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1.  Introduction 
 

Have you ever thought logic was too 

“tough” because you couldn’t memorize 

all the valid arguments, or remember the 

silly mnemonics (starting with “Barbara” 

and ending with 18 more silly names)?  

Or, if you’re a logic student, haven’t you 

ever just wished for a simple, 

mechanical way of doing logic so you 

can ace the next exam? 

 

Well, you don’t need to look any further.  

I’ve discovered a way to solve logical 

problems in such a way that you don’t 

have to memorize any complicated 

mnemonics or formulas, or plow through 

lots of Venn diagrams. 

 

 

 

 

 

 

 

 

 

The following represents a simplification 

of Lewis Carroll’s symbolic logic.  I had 

originally chosen the rather extravagant 

title “Miracle Logic” for this essay, 

because I was always impressed with 

Harry Lorayne’s book, Miracle Math 

[1966], having read it as a kid.  In that 

book, Lorayne provided several 

simplified methods of getting to correct 

arithmetical conclusions in a quick and 

easy way.  Nevertheless, I later decided 

to change mine simply to “Logical 

Algebra” since “Miracle Logic” sounded 

too much like a marketing gimmick, 

which is probably why Lorayne’s book 

was titled that way.  Finally, since this 

logic is more of an arithmetical logic, 

and later essays are more algebraic, I 

decided to rename this logic method as 

“Logical Arithmetic.” 

 

This is the first of a series of papers on 

logic.  I’ve decided to make these papers 

into something of a graded series and 

mathematics suggests an analogy.  Most 

of us take arithmetic in our elementary 

school years, and then if we aren’t totally 

befuddled, we get into algebra, and then 

from there, those kids who are 

annoyingly smart move into calculus.  

The following logic papers are structured 

in this familiar way: 

 

  
Logical Arithmetic 1 

Logical Arithmetic 2 

  

Logical Algebra 1 

Logical Algebra 2 

  

Logical Calculus 1 

Logical Calculus 2 

 

I discovered Carroll’s symbolic logic 

Definition: mnemonic (ni-mon-

ic) is a devise to aid the memory, 

often a name, sentence, or rhyme, 

for example, Every Good Boy 

Does Fine, for E, G, B, D, and F, 

on sheet music. 
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much later as an adult, and was 

fascinated with his symbolism (which 

was itself an attempted simplification of 

Boole’s symbolic logic).  A later 

discovery was Fred Sommers’ term 

logic, which showed that an 

“arithmetical” logic was possible, and 

could even solve problems in the logic of 

relations.  The only drawback to Carroll 

and Sommers’ notations (wonderful as 

they are), was that they seemed too 

complicated, or too unobvious, and were 

difficult to learn or remember.  So, out 

of frustration, and out of a desire to 

provide something practical for ordinary 

folk, folk who don’t have degrees in 

logic, or know anything about existential 

import, or care a whit about whether a 

formula is well-formed or not, I 

developed the following logical 

arithmetic. 

 

Here is a garden variety syllogism to 

show the difference between the 

Boolean-Carroll notation, and my 

notation: 

 

Example 1:  Symbolizing an Argument 

 

All m are x. 

All y are m. 

All y are x. 

 
1.  Boole’s notation, m(I-x) = 0, y(I-m) = 0, 

y(I-x)=0 

 
2.  Carroll’s notation, m1x´0 † y1m´0 ¶ y1x´0  

 

3.  My notation, MaX + YaM = YaX  

 

I shall use capital letters for terms as in 

(3), and small letters for the argument 

type, a, e, i, or o.  This notation is not 

original with me, and so I’ll call it 

“syllogistic” notation.  Some logicians 

seem to prefer it, or some variant of it, to 

express the four normal forms found in 

the “square of opposition.” 

 

The four standard propositions can be 

found in any logic book, and they are 

part of what logicians call the “square of 

opposition.”  They are: 

 

Table 1: Statement Forms 

Partial English Syllogistic 

All S is P SaP 

No S is P SeP 

Some S is P SiP 

Some S is not P SoP 

 

All propositions can be reduced to the 

above four.  They are commonly 

symbolized by the letters A, E, I, and O, 

standing for each proposition 

respectively: 

 
A = All S is P,  Universal affirmative 

E = No S is P,  Universal negative 

I = Some S is P, Particular affirmative 

O = Some S is not P, Particular negative 

 

The letters AEIO are taken from the 

Latin, affirmo, nego, I affirm, I deny.  

The following is the square of 

oppositions showing all the contraries 

and subalterns and so on: 
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The symbolism or notation of logical 

arithmetic is new in that it is being used 

almost arithmetically rather than just as a 

simple notation for the sentences in the 

square of opposition.  There are other 

ways to symbolize propositions, but I 

prefer SaP, SeP, SiP, and SoP, since the 

small letter in the middle is a better 

reminder of the “is” coming between the 

subject and predicate.  It will also be 

important in keeping track of subject and 

predicate terms in long soriteses.  Later, 

when we start using lower case letters to 

stand for terms, we shall find it 

convenient to symbolize the sentence 

operators a,e,i,o as subscripts. 

 

The basic method of deriving a valid 

conclusion is to cancel the middle term 

that occurs in the major and minor 

premises.  If the middle term can be 

successfully cancelled, then a conclusion 

can be validly derived in an almost 

mechanical fashion.  The process of 

canceling the middle term is sometimes 

called “polarizing” or “charging” the 

middle term (from Sommers).  If it’s not 

possible to cancel the middle terms, no 

conclusion is possible. 

 

 

2.  Rules of Logical Arithmetic 
 

Here are a few things to keep in mind 

when canceling middle terms to achieve 

a valid conclusion.  You don’t have to 

memorize all this up front, but the 

following points will become familiar to 

you as you work through some problems 

in logical arithmetic: 

 
1.  Convert or obvert any syllogism to the 

negative form of the “first figure.” 

 

2.  Cancel the middle term, and place the 

remaining letters to the right of the equal 

sign. 

 

3.  The resulting argument should have one 

of these letter combinations between the 

first two sentences and the final conclusion:  

ee = e; or eo = o, or oo = o. 

 

That’s essentially it as far as what has to be 

done to solve a syllogism.  We will see later 

how to go through the above steps without 

introducing invalidity into the argument. 

 

The process of converting or obverting 

to the negative form of the first figure 

should be familiar to anyone who has 

taken a course in logic, or has at least 

read a book about it, but even if you’ve 

done neither, it’s still fairly easy to do 

once you get started.  The new element 

in this logical arithmetic is the “decision 

procedure,” which will be discussed 

under the section on Invalidity. 

 

Before showing you how the above steps 

are put in practice, here is a short table 

of all the standard conversions and 

obversions that you’ll need in order to do 

problems in logical arithmetic.  They are 

fairly easy to remember once you’ve 

tried to puzzle out a few syllogisms, so 

don’t worry about memorizing them all 

up front.  They will come naturally after 

a while, and you’ll be able to make the 

necessary sentence adjustments almost 

mechanically. 

 

Table 2: Statement Transformations 

Sentence Orig Conv Obverse 

All S is P SaP PiS Se~P 

No S is P SeP PeS Sa~P 

Some S is 

P 

SiP PiS So~P 

Some S is 

not P 

SoP none Si~P 

 

In the first case, “All S is P” can be 
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converted to “Some P is S,” or it can be 

obverted to “No S is non-P.”  Similarly 

for “No S is P,” its converse form is “No 

P is S,” and its obverted form is “All S is 

non-P.”  The sentence “Some S is P” has 

the simple conversion of “Some P is S,” 

and the obverted form of “Some S is not 

non-P.”  The sentence “Some S is not P” 

has no simple conversion, but it can be 

obverted to “Some S is non-P.” 

 

Let’s apply the above transformations to 

see how simple logical arithmetic is.  

Here is a fairly standard argument: 

 

Sample 2: Argument in Barbara 

 

   All m are x; 

   All y are m; 

   Therefore All y are x. 

 

The sentences are already in the first 

figure, so we don’t need to convert the 

sentences to the first figure (as per Rule 

1).  However, we do have to change the 

sentences to negative form, so let’s try 

the first premiss:  

 

    (1)  All m are x  =  MaX 

           MaX  =  Me~X 

 

Notice how I’ve used obversion to 

change the sentence to negative form?  

You can always check the table above if 

you’ve forgotten how to do obversion. 

 

Now, the second premiss: 

 

   (2)  All y are m  =  YaM 

         YaM  =  Ye~M 

 

As with the first sentence, I obverted the 

sentence to negative form. By a simple 

process, we’ve obtained negative 

premises, and we’ve managed to set up 

our middle terms for cancellation (per 

rule 2). 

 

Let’s combine sentences (1) and (2) in 

arithmetical fashion: 

 

   (3)  Me~X + Ye~M  =  

 

Notice the “polarized” middle term, i.e., 

positive in one premiss as “M,” negative 

in the other premiss as “~M.”  This will 

allow us to discharge the middle term 

from our conclusion.  Because we’ve 

obverted both original propositions to 

negative form, we also have an “e” in the 

first premiss, and an “e” in the second 

premiss, which means we must have an 

“e” in the conclusion (by step 3). 

 

It might be easier to notice the 

cancellation of the middle term if we 

simply draw a red box around it in both 

premises, hence: 

 

   Me~X + Ye~M = 

 

Having done that, we can now see that Y 

and X are left.  In normal syllogisms, 

the first term to the left of the equal sign, 

not counting the middle term, is the first 

term in the conclusion.  In our example, 

the symbol Y is the first term to the left 

of the equal sign so Y starts the 

conclusion. 

 

Once we’ve got the terms of our 

conclusion and the term it starts with, we 

then look at the type of premises 

involved, which you can tell from the 

small letter in between the larger capital 

letters.  I’ve highlighted these below: 

 

   Me~X + Ye~M  = 

 

Our 3rd rule tells us that two e’s in the 
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premises equal an e in the conclusion, so 

now we have all the components to 

arrive at the correct conclusion: 

    

   Ye~X 

 

In positive form (meaning we try to get 

rid of the negation symbol “~”), the 

conclusion is obverted to its universal 

affirmative form:  

 

   Ye~X  =  YaX 

 

And if you remember what YaX means, 

you can easily translate it from its 

symbolic form to its (partial) English 

form, “All Y is X.” 

 

If you were wondering what was meant 

by converting the syllogism into the first 

figure, just remember that translating the 

propositions by conversion or obversion 

should place the middle term (M, ~M) 

on the outside, so to speak.  This means 

the M’s don’t touch the plus sign “+”.  If 

you don’t understand this, just look at 

the earlier equation and see where the 

boxed middle terms are located.  Neither 

one is next to the plus sign, and that 

means the equation is in the first figure. 

 

Here are a few more syllogisms 

illustrating logical arithmetic.  This one 

is from Carroll: 

 

Example 3: About successful  students 

 
(1)  All diligent students are successful; 

(2)  All ignorant students are unsuccessful. 

 

Carroll provides a dictionary consisting 

of:  m = successful, x = diligent, and y = 

ignorant.  Then he symbolizes it as: x1m´0 

† y1m0 ¶ y1x0  

 

(1)  All x are m; 

(2)  All y are ~m. 

 

In this syllogism, the middle terms are 

already polarized, so we look to (2) as a 

secondary form.  If we translate it back 

to its original, we have “No y are m”; 

which is a syllogism in the second 

figure, Camestres.  It should have a 

conclusion of the form, “No y are x.”  In 

syllogistic notation we have: 

 

XaM + YeM = 

Obvert XaM to Xe~M 

Convert Xe~M to ~MeX 

 

Now we have an equation in the first 

figure (M’s are on the outside, meaning 

that neither one is next to the plus sign).  

In addition, the equation is in negative 

form.  The conclusion has an e in it 

because the left-hand side has two e’s, 

and two e’s always result in an e in the 

conclusion (Rule 3).  The letter Y is the 

first terms to the left of the equal sign, so 

starts the conclusion: 

 

   Solve:  ~MeX+YeM  = YeX 

 

Carroll has two conclusions: 

 

(3)  “All diligent students are learned” or 

“All ignorant students are idle.” 

 

We’ve got “No” as part of our 

conclusion whereas Carroll has “All.”  

But remember, propositions can be 

obverted and converted. The sentence 

YeX can be converted to XeY, and can 

also be obverted to Ya~X and Xa~Y 

respectively, which are Carroll’s 

conclusions under (3) above. 

 

Here’s another: 

 



6 

 

Example 4: Soldiers and Bravery 

 

(1)  All soldiers are strong; 

(2)  All soldiers are brave. 

 

In this syllogism, m = soldiers, x = 

strong, and y = brave.  In syllogistic 

notation: 

 

(1)  MaX 

(2)  MaY 

 

Obvert MaX to Me~X 

Convert MaY to YiM 

Obvert YiM to Yo~M 

Solve, Me~X+Yo~M= 

Yo~X (or YiX) 

 

Carroll’s conclusion is “Some X are Y” 

or “Some strong (men) are brave.”  This 

seems the reverse of our conclusion, but 

it isn’t really.  Just remember that the 

particular affirmative sentence “Some Y 

is X” is convertible, so that our 

conclusion, YiX, can be converted very 

simply into XiY or “Some X is Y.” 

 

Now here’s one from Copi: 

 

Example 5: Heroes and Cowards 

 
(1)  No heroes are cowards 

(2)  Some soldiers are cowards 

(3)  Therefore, some soldiers are not heroes. 

 

Representing this in syllogistic notation; 

 

(1)  HeC+ SiC = 

 

We convert HeC to CeH 

Then SiC to So~C 

Then solve, CeH+So~C=SoH 

 

SoH is translated as “Some soldiers are 

not heroes.” 

 

3.  Sample Syllogisms 
 

The following are several valid 

syllogisms, minus their conclusions.  

Solve using the simplified logical 

arithmetic recommended above.  

(Solutions are provided afterward.) 

 

(1) 

All m are x. 

All y are m. 

__________. 

 

 

(2) 

No m are x; 

All y are m 

__________. 

 

(3) 

All m are x; 

Some y are m. 

__________. 

 

 

(4) 

No m are x; 

Some y are m. 

__________. 

 

 

(5) 

No x are m; 

All y are m. 

__________. 

 

(6) 

All x are m; 

No y are m. 

__________. 

 

(7) 

No x are m; 

Some y are m. 

__________. 
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(8) 

All x are m; 

Some y are not m 

__________. 

 

 

(9) 

All m are x; 

All m are y. 

__________. 

 

 

(10) 

Some m are x; 

All m are y. 

__________. 

 

 

(11) 

All m are x; 

Some m are y. 

__________. 

 

 

(12) 

No m are x; 

All m are y. 

__________. 

 

 

(13) 

Some m are not x; 

All m are y. 

__________. 

 

(14) 

No m are x; 

Some m are y. 

__________. 

 

(15) 

All x are m; 

All m are y. 

__________. 

 

(16) 

All x are m; 

No m are y. 

__________. 

 

(17) 

Some x are m; 

All m are y. 

__________. 

 

 

(18) 

No x are m; 

All m are y. 

__________. 

 

 

(19) 

No x are m; 

Some m are y. 

__________. 

 

 

Answers to Syllogistic Problems: 

 

As you might have guessed, these are all 

the nineteen valid syllogisms of 

traditional logic.  I’ve solved all of the 

syllogisms by the rules given above for 

logical arithmetic: 

 

(1)  Barbara 

All m are x. 

All y are m. 

All y are x. 

 

Original Form, MaX + YaM = 

Obvert MaX to Me~X 

Obvert YaM to Ye~M 

Solve, Me~X + Ye~M = Ye~X 

 

Notice how the M’s are not touching the 

+ sign, which means that the equation is 

in the first figure.  To state the 

conclusion in positive form: “All y is x,” 
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obvert Ye~X to YaX. 

 

(2)  Celarent 

No m are x; 

All y are m 

No y are x. 

 

Standard Form, MeX + YaM = 

Convert YaM to Ye~M 

Solve, MeX + Ye~M = YeX 

 

(3)  Darii 

All m are x; 

Some y are m. 

Some y are x. 

 

MaX + YiM = 

Obvert MaX to Me~X 

Obvert YiM to Yo~M 

Solve, Me~X + Yo~M = Yo~X (or YiX) 

 

(4)  Ferio 

No m are x; 

Some y are m. 

Some y are not x 

 

MeX + YiM = 

MeX + Yo~M = YoX 

 

(5)  Cesare 

No x are m; 

All y are m. 

No y are x. 

 

XeM+YaM = 

Convert XeM to MeX 

MeX + Ye~M = YeX 

 

(6)  Camestres 

All x are m; 

No y are m. 

No y are x. 

 

XaM + YeM = 

Obvert XaM to Xe~M 

Convert Xe~M to ~MeX 

Solve, ~MeX + YeM = YeX 

 

(7)  Festino 

No x are m; 

Some y are m. 

Some y are not x 

 

XeM + YiM = 

Convert XeM to MeX 

MeX + Yo~M = YoX 

 

(8)  Baroko 

All x are m; 

Some y are not m 

Some y are not x 

 

XaM + Yi~M = 

Obvert XaM to Xe~M 

Convert Xe~M to ~MeX 

~MeX + YoM = YoX 

 

This is the only syllogism in which rule 

4 of our decision procedure (given under 

the invalidity section) is not really 

necessary.  The reason is that before 

conversion, we are able to completely 

distribute the middle term of the first 

premiss.  (This is similar to transposition 

in propositional logic.) 

 

(9)  Darapti 

All m are x; 

All m are y. 

Some y are x. 

 

MaX + MaY = 

Convert MaY to YiM 

Obvert YiM to Yo~M 

Solve, Me~X + Yo~M = Yo~X (or YiX)   

 

Notice that in Darapti, we had to use 

what is called conversion by accidens, or 

conversion by limitation.  In other 

words, we had to take the universal 
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affirmative MaY and convert it to the 

particular affirmative YiM, then obvert it 

to Yo~M.  Such a procedure leaves open 

the possibility of an undistributed middle 

term.  Nevertheless, when we go back 

and check the original syllogism, we see 

that in at least one premiss,  the middle 

term “M” is connected to the word “All” 

-- i.e., MaX, or all “All M are X.”  If 

either of the premises had simply been 

XaM, “All X are M,” or XiM, “Some X 

are M,” we would not have distributed 

the middle term and thus would not have 

had a valid argument.  (Again, the issue 

of distribution will be discussed under 

the section on Invalidity.) 

 

(10)  Disamis 

Some m are x; 

All m are y. 

Some y are x. 

 

MiX + MaY = 

Obvert MiX to Mo~X 

Convert MaY to YiM 

Obvert YiM to Yo~M 

Solve, Mo~X + Yo~M = Yo~X (or YiX) 

 

Checking the original syllogism, we see 

that in at least one of the premises, the 

middle term is connected to (or 

distributed by) the term “All.”   

 

(11)  Datisi 

All m are x; 

Some m are y. 

Some y are x. 

 

MaX + MiY = 

Obvert MaX to Me~X 

Convert MiY to YiM 

Obvert YiM to Yo~M 

Solve, Me~X + Yo~M = Yo~X (or YiX) 

 

Simple conversion of the particular 

sentence, MiY to YiM, etc. 

Middle term distributed, connected to 

“All.” 

 

(12)  Felapton 

No m are x; 

All m are y. 

Some y are not x. 

 

MeX + MaY = 

Convert MaY to YiM 

Obvert YiM to Yo~M 

Solve, MeX + Yo~M = YoX 

 

Middle term distributed; connected to 

“No.” 

 

(13)  Bokardo 

Some m are not x; 

All m are y. 

Some y are not x. 

 

Mi~X + MaY = 

Obvert Mi~X to MoX 

Convert MaY to YiM 

Obvert YiM to Yo~M 

Solve, MoX + Yo~M = YoX) 

 

Middle term distributed; connected to 

“All.” 

 

(14)  Ferison 

No m are x; 

Some m are y. 

Some y are not x 

 

MeX + MiY = 

Convert MiY to YiM, 

Obvert YiM to Yo~M 

Solve, MeX + Yo~M = YoX 

 

Middle term distributed; connected to 

“No.” 

 

(15)  Bramantip 
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All x are m; 

All m are y. 

Some y are x. 

 

XaM + MaY = 

Convert XaM to MiX 

Obvert MiX to Mo~X 

Convert MaY to YiM 

Obvert YiM to Yo~M 

Solve, Mo~X + Yo~M = Yo~X (or YiX) 

 

Middle term distributed; connected to 

“All” (i.e., All m are y).   

 

(16)  Camenes 

All x are m; 

No m are y. 

No y are x. 

 

XaM + MeY = 

Obvert XaM to Xe~M 

Convert Xe~M to ~MeX 

Convert MeY to YeM 

Solve, ~MeX + YeM = YeX 

Middle term distributed; connected to 

“No.” 

 

(17)  Dimaris 

Some x are m; 

All m are y. 

Some y are x. 

 

XiM + MaY = 

Convert XiM to MiX 

Obvert MiX to Mo~X 

Convert MaY to YiM 

Obvert YiM to Yo~M 

Solve, Mo~X + Yo~M = Yo~X (or YiX) 

Middle term distributed; connected to 

“All.” 

 

(18)  Fesapo 

No x are m; 

All m are y. 

Some y are not x 

XeM + MaY = 

Convert XeM to MeX 

Convert MaY to YiM 

Obvert YiM to Yo~M 

MeX + Yo~M = YoX 

 

Middle term distributed; connected to 

“No.”  (Remember that “No” distributes 

both ways, both as XeM and as MeX.) 

 

(19)  Fresison 

No x are m; 

Some m are y. 

Some y are not x. 

 

XeM + MiY = 

Convert MiY to YiM 

Obvert YiM to Yo~M 

Solve, XeM + Yo~M = YoX 

 

Middle term distributed; connected to 

“No.” 

 

 

4.  Invalidity 
 

If you followed the simplified logical 

arithmetic given above, the test for 

validity or invalidity is fairly easy, and 

this is due to the fact that the test is 

already pretty much embedded in the 

logical arithmetic.  Before discussing the 

decision procedure for discovering 

whether a syllogism is valid or invalid, 

here are a few preliminary points about 

invalidity: 

 

Two Negative Premises:                            

 

Consider the argument: 

 

No x is m 

No y is m 

 

   (1)  MeX 
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   (2)  YeM 

 

Here it seems that most of the logical 

work has already been done for us, e.g., 

the argument is already in negative form, 

and the syllogism is in the first figure.  

But what’s wrong with it?  Well, 

obviously, the middle terms have not 

been polarized.  And how would we go 

about polarizing them?  Since the 

propositions are already in negative 

form, we cannot obvert them to another 

negative form.  And if we try to obvert 

them to positives, then convert them by 

limitation, we will no longer be in the 

first figure.  So an equation of the form: 

 

   MeX + YeM = 

 

must be deemed invalid under our rules 

for using the simplified logical 

arithmetic.  The above equation is a 

good illustration of the logical rule that: 

 
(1)  “From two negative premises no 

conclusion follows” (Maritain). 

 

For purposes of our logical arithmetic 

we’ll amend Maritain’s statement to: 

 
(1*)  “From two original negative premises, 

no conclusion follows.” 

 

Our revised statement will help remind 

us that two negative forms do no 

automatically mean that an argument is 

invalid.  For instance, from the 

argument… 

 

No m is x MeX 

No y is ~m Ye~M 

 

we might make the mistake of believing 

it violates rule (1) given by Maritain.  

This is formally similar to the previous 

invalid argument, for in this argument 

both propositions are in negative form.  

Nevertheless, a careful inspection of the 

syllogism shows that the middle terms 

are already polarized.  This is a clue that 

one of the propositions is in a secondary 

form.  The original form would be, of 

course, YaM, which is in positive form 

rather than in negative form, and in 

accordance with the rule stated by 

Maritain.  (As a general rule of thumb, if 

the predicate term in a sentence is 

modified by the negative term operator 

“~”, the sentence is in a secondary form.) 

 

Two Particular Premises:                          

 

Consider the following syllogism: 

 

Some X is M 

Some M is not Y 

 

In syllogistic notation: XiM + MoY = 

 

Can we derive a valid conclusion? 

 

First, we can try the obversion of XiM, 

which is Xo~M.  That will certainly 

polarize the middle terms.  But notice 

that this solution fails to convert the 

syllogism into a syllogism of the first 

figure, i.e., the M’s are touching the plus 

sign.  Let’s try conversion. 

 

Convert XiM to MiX 

Obvert MiX to Mo~X 

Obvert MoY to Mi~Y 

Convert Mi~Y to ~YiM 

Obvert ~YiM to ~Yo~M 

 

We thus have the equation: Mo~X + 

~Yo~M 

 

Seems as though we’re home free, 

doesn’t it?  Our premises are negative 

and we’ve managed to keep the middle 
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terms away from the plus sign, and as an 

added benefit we’ve polarized our 

middle terms.  Nevertheless, if we look 

to our original argument, we see that 

neither middle term is connected to the 

word “All” or “No.”  That means we 

have an undistributed middle term, and 

hence an invalid argument.  This is an 

illustration of the logical rule (given 

again by Maritain) that: 

 
“From two particular premises no 

conclusion follows.” 

 

And this rule is embedded in our logical 

arithmetic, so that it will not be possible 

to derive a conclusion from an 

undistributed middle term, even if we are 

able to state the argument in negative 

terms, in the first figure, and with the 

middle term polarized.  Remember, if we 

have to use conversion on a particular 

statement or conversion by limitation on 

a universal affirmative, then we have to 

check to make sure the middle term (M) 

was distributed or connected to “All” or 

“No” in our original argument. 

 

Illicit Major                                                

 

Here’s another syllogism: 

 

(1)  All M are X 

(2)  No Y are M 

(3) Therefore, No Y are X 

 

MaX + YeM = 

Me~X + YeM = 

 

On checking our original argument, we 

see that the middle terms are connected 

to both the word “All” and the word 

“No” and that tells us we might not have 

a problem with distribution.  Yet despite 

that, we already appear to have what 

looks like an invalid argument, and 

that’s because the argument is already in 

the first figure and our middle terms are 

not polarized.  That’s a pretty telling 

case against the argument.  Perhaps we 

can still salvage the argument, though.  

Let’s try conversion by limitation: 

 

Convert Me~X to ~XeM 

Obvert ~XeM to ~Xa~M 

Convert ~Xa~M to ~Mi~X 

Obvert ~Mi~X to ~MoX 

Solve, ~MoX + YeM = YoX 

 

Well, we’ve polarized the middle terms, 

and we’ve gotten down to the first 

figure, but our solution fails to arrive at 

the original conclusion, “No y  are x,” or 

YeX, but rather at, “Some y are not x,” 

or YoX.  So that’s another strike against 

it.  But are we entitled even to that 

particular negative conclusion, YoX?  

Look at what we’ve had to do.  We were 

already in the first figure, and when we 

obverted to negative formulations, our 

middle terms were still unpolarized.  

This is our first clue that the argument is 

invalid. 

 

When we go through our standard 

conversions and obversions to arrive 

back to the first figure, we still don’t 

have the conclusion of our original 

argument!  This is clue number 2.  

Perhaps that is enough to suggest a 

method of procedure.  When your 

argument is already invalid in the first 

figure, you cannot use conversion by 

limitation to convert it to a different 

figure, then convert it back to the first 

figure.  The reason conversion by 

limitation doesn’t work in those cases is 

that the above type of argument is 

known as the fallacy of “Illicit Major.”   
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Here is Copi’s example of the fallacy: 

 
(1)  All dogs are mammals 

(2)  No cats are dogs. 

(3)  Therefore no cats are mammals. 

 

In syllogistic notation, DaM + CeD = 

CeM 

 

If we go through the process of 

converting and obverting, we shall have: 

 

Obvert to De~M 

Convert to ~MeD 

Obvert to ~Ma~D 

Convert per accidens to ~Di~M 

Obvert to ~DoM 

 

This latter form is actually the “inverse” 

of the original form.  So we have: 

 

~DoM+CeD 

 

Hence, our middle terms are finally 

polarized.  Our conclusion will have to 

be CoM, which says less than the 

original conclusion of CeM.  But even 

the particular negative conclusion is 

suspect, for we did not have to convert 

from another figure to the first figure to 

arrive at our equation; instead we were 

already in the first figure, and our use of 

conversion by limitation was an attempt 

to salvage an apparently invalid 

argument (because the middle terms 

were not charged even in the first 

figure).  Even then, our attempt at 

salvaging the conclusion failed, for we 

obtained less than the argument called 

for. 

 

To invoke our newly formulated rule, if 

an argument is already invalid in the first 

figure, then conversion by limitation 

cannot be used to render the argument 

valid. 

The fallacy of Illicit Major should not be 

confused with the argument of the fourth 

figure known as Fesapo.  If you will 

recall with respect to Illicit Major, our 

original argument was already in the first 

figure, and when its positive statements 

were obverted into negative form, it was 

found to be invalid because the middle 

terms weren’t polarized.  In trying to 

salvage it through conversion by 

limitation, it was found that we couldn’t 

get the same universal conclusion that 

the argument called for.  So we’ve hit 

upon the above rule that if an argument 

is already invalid in the first figure, we 

cannot make it valid through conversion 

by limitation.  In Fesapo, however, we 

don’t have the same problem.  Here is 

Fesapo using Copi’s illustration: 

 
(1)  No cats are dogs 

(2)  All dogs are mammals. 

(3)  Therefore some mammals are not cats. 

 

CeD + DaM = 

DeC + Mo~D = MoC 

 

The conclusion in Fesapo is true, for 

some mammals are dogs, antelopes, and 

bears, not just cats.  Unlike Illicit Major, 

though, we didn’t start in the first figure 

but in the fourth, and we were able 

successfully to reduce Fesapo to an 

argument in the first figure (M’s not 

touching the plus sign).  We did not have 

to try to salvage an argument that was 

already invalid in the first figure, so 

we’ve not violated our newly formulated 

rule: an argument that’s already invalid 

in the first figure cannot be made valid 

through invoking conversion by 

limitation. 
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5.  Decision Procedure                  
 

And now we come to the heart of this 

logical arithmetic, and what makes it 

different from the usual procedure for 

checking validity or invalidity.  Since the 

main task is to translate arguments into 

the first figure, this decision procedure 

can help us get there without introducing 

invalidity into our arguments. 

 

(1)  You need to use the simplest 

procedure first.  For instance, if you can 

get to the first figure by simple 

conversion, you must use simple 

conversion to get to the first figure.  An 

argument of the form, XeM + MeY, can 

be translated into the first figure by 

simple conversion; hence MeX + YeM 

(which shows immediately that the 

argument is invalid, i.e., two original 

negative premises, no polarized middle 

terms). 

 

(2)  If simple conversion doesn’t work, 

use obversion followed by simple 

conversion, e.g., SaP to Se~P to ~PeS.  

This second step in our decision 

procedure is pretty much the same 

procedure as “transposition” in the 

propositional calculus.  It is the rule that 

will decide whether you can use 

conversion by limitation to preserve the 

validity of an argument. 

 

Because obversion involves the negation 

of a term, this procedure is a little 

trickier than the procedure of simple 

conversion.   If you will remember, our 

goal is to reduce the sentences in an 

argument to the same structure that 

exists in the first figure of valid 

syllogisms.  If your sentence is already in 

that structure, you don’t have to worry 

about which term you negate; in fact, 

you can go right ahead and negate the 

predicate term as usual, e.g., MeX + 

YiM, to MeX + Yo~M = YoX, which is 

a valid argument in logical arithmetic.   

 

Nevertheless, if your argument is not in 

the first figure, and moreover, your 

candidate sentence for obversion is not 

in the same structure as its first figure 

counterpart, you then have to make sure 

that the only term you negate is the 

middle term.  

 

Let’s look at an example.  In the 

following argument, MeX + MaY, the 

first sentence is already in first figure 

form, is negative, and needs no further 

attention.  The second sentence, 

however, is not in first figure form, and 

cannot be converted simply under our 

first decision procedure.  But notice what 

happens when we try the second rule of 

the decision procedure.  If we obvert the 

sentence, MaY to Me~Y, and by simple 

conversion to ~YeM we fail to negate 

the middle term, and as you can see, the 

middle terms aren’t polarized in MeX + 

~YeM.  The M’s are both positive. 

 

This is a case where the middle term 

does not present itself for negation by 

obversion.  In fact, it’s one of the non-

linking terms that presents itself for 

negation, but that is not allowed under 

this rule. 

 

Nevertheless, here is a case where the 

middle term does present itself for 

negation by obversion: 

 

   PaM + MeS = ? 

 

Solving by Rule 2, we have 

 

  ~MeP + SeM = SeP 
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And this is a valid argument.  As you can 

see, we were able to obvert the middle 

term prior to simple conversion, and 

because of that, the middle term was 

distributed.  We started with PaM, which 

can be obverted to Pe~M, and then by 

simple conversion, to ~MeP.  As we 

said, as long as it’s the middle term you 

obvert, you can do this.  If it’s not the 

middle term it won’t work. 

 

Now, if obverting the middle term is not 

an option, then the next step to take is 

conversion by limitation. 

 

(3)  Conversion by limitation.  This can 

only be tried if the previous steps fail to 

preserve the validity of the argument.  In 

the above example, MeX + MaY, we 

must use step 3, since steps 1 and 2 don’t 

work, leaving the first premiss MeX 

alone, but changing the second premiss 

MaY to YiM, then to Yo~M.  We then 

have: 

 

   MeX + Yo~M = YoX. 

 

This procedure does not work on a 

particular premiss that is already in its 

original negative form, i.e., you cannot 

obvert the particular negative premiss to 

a positive form, then return it to negative 

form.  You can “descend” from the 

universal affirmative, SaP to PiS, to 

Po~S, but you cannot “ascend” up the 

ladder, that is, starting with SoP to Sa~P. 

 

(4)  After you’ve tried these steps, you 

need to check the original syllogism for 

distribution, making sure that the middle 

term is distributed or connected to an 

“All” or a “No.”  This rule applies to all 

arguments except those that fall under 

rule (2) above.  The reason is that before 

you convert such propositions under rule 

(2) to the first figure, you can negate 

their middle term through obversion, 

which will distribute the middle term.    

 

Consider the following argument: 

 

   XaM 

   MaY 

 

Neither sentence is in negative form, 

neither sentence is in their first figure 

form, and neither can be changed by 

simple conversion.  Fortunately, we do 

have the middle term connected to the 

“All” of the second sentence, so we 

don’t have to worry about undistributed 

middle.  Now then, what can we do to 

convert this argument to the first figure?  

Let’s try Rule 2 on the first sentence, and 

Rule 3 on the second (because the 

second sentence is not in first figure 

form, and we cannot obvert the middle 

term in its case).  We obtain: 

 

   ~MeX 

   Yo~M 

 

Which is nice, but gives us no logical 

cigar, for we now have two negative 

middle terms.  So we now have to try 

Rule 3, conversion by limitation, on both 

sentences.  This will give us the valid 

argument: 

 

   Mo~X + Yo~M = Yo~X (or YiX) 

 

And this is Bramantip in the fourth 

figure. 

 

Illicit Minor 

 

Here is Copi’s example of an argument 

that commits the fallacy of “Illicit 

Minor.” 
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All communists are subversive elements. 

All communists are critics of the present 

administration 

Therefore, all critics of the present 

administration are subversive elements. 

 

I will use the term “M” as a synonym for 

“communist.”  In that way, I won’t have 

to use the letter “C” to stand for both 

communists and critics.  I will use “M” 

for communists, “C” for critics, and “S” 

for subversive elements.  In syllogistic 

notation we have: 

 

MaS 

MaC 

 CaS 

 

Convert MaC to CiM 

Obvert CiM to Co~M 

 

You’ll notice that with respect to the 

second sentence, MaC, we could use 

neither simple conversion nor obversion 

& simple conversion, because MaC is 

not in first figure form, and obversion 

would fail to negate a middle term, so 

we had to use conversion by limitation. 

 

Solve, Me~S + Co~M = Co~S (or CiS) 

 

Our conclusion CiS, “Some critics of the 

present administration are subversive 

elements,” does not match the original 

conclusion, CaS, “All critics of the 

present administration are subversive 

elements.”  This argument commits the 

fallacy of Illicit Minor.  The original 

conclusion, “All critics…” says too 

much.  It was only entitled to say “Some 

critics….” 

 

Undistributed Middle 

 

Let’s try this syllogism. 

 

(1)  All x are m 

(2)  Some m are y 

(3)  Therefore, Some x are y 

 

In syllogistic notation: 

 

   (1)  XaM + MiY = 

   (2)  Mo~X + Yo~M = 

 

Can we derive a valid conclusion from 

this?  First, by going back to our original 

syllogism, and inspecting the first 

premiss, we see that the middle term is 

not completely distributed.  (It’s not 

connected with an “All” or “No.”)  An 

inspection of the second premise shows 

that the middle term is only 

accompanied by a particular, so it does 

not get distributed in the second premiss 

either.  Thus, we have an undistributed 

middle, and the argument is invalid.  Our 

fourth step of the Decision Procedure 

reminds us to check for distribution, and 

without a connection to “All” or “No” in 

at least one of the premises, the 

argument cannot be valid. 

 

Here’s an argument in the First Figure: 

 

(1)  All m are x 

(2)  Some y are ~m 

(3)  Therefore, Some y are ~x 

 

Testing for validity, we write in 

syllogistic notation: 

 

   (1)  MaX + Yi~M = 

   (2)  Me~X + YoM 

 

Our argument is already in the first 

figure, and the terms are already 

polarized, but when we try to convert 

both premises to negative form, the 

middle terms are unpolarized. 
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We could try conversion and obversion 

to arrive at the inverted form of MaX, 

i.e., ~MoX, to polarize the middle terms, 

but this would violate our previous rule 

about not trying to salvage an invalid 

argument that is already in the first 

figure by means of an attempted 

conversio per accidens.  So the argument 

is invalid. 

 

 

6.  Exercises 

 

Here are a few problems with solutions 

afterward: 

 
(1) 

All textbooks are books intended for careful 

study. 

Some reference books are books intended 

for careful study. 

Therefore some reference books are 

textbooks. 

 

(2) 
Some parrots are not pests. 

All parrots are pets. 

Therefore no pets are pests. 

 

(3) 
Some M is X 

All M is Y 

 Some Y is not M 

 

(4) 
No M is X 

All Y is M 

 All Y is X 

 

(5) 
All mothers are females. 

All women are females. 

 All women are mothers. 

 

(6) 
All salamanders are amphibians. 

No toads are salamanders. 

 No toads are amphibians. 

 

(7) 
All men are animals. 

No horses are men. 

 No horses are animals. 

 

 

Solutions to Problems 

 

(1) 
All textbooks are books intended for careful 

study. 

Some reference books are books intended 

for careful study. 

Therefore some reference books are 

textbooks. 

 

Let T = textbooks; R = reference books; 

and S = intended for careful study 

 

TaS + RiS = 

Solve, So~T + Ro~S = 

Ro~T (or RiT)  

 

In English, “Some reference books are 

textbooks. 

 

Since we had to use conversion by 

limitation, a check of the original 

syllogism shows that the middle term 

“S” is undistributed (not connected to 

“All” or “No”).  Therefore, the argument 

is invalid. 

 

(2) 
Some parrots are not pests. 

All parrots are pets. 

Therefore no pets are pests. 

 

Let M = parrots; X = pests; Y = pets 

 

MoX + MaY = 

Solve, MoX + Yo~M 

YoX 
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In English, “Some pets are not pests.”  

The original conclusion “No pets are 

pests” is invalid since it says too much.  

In solving the syllogism, we could not 

use obversion since the middle term 

could not be negated.  We had to use 

conversion by limitation, which means 

the conclusion could not be a universal 

statement. 

 

(3) 
Some M is X 

All M is Y 

 Some Y is not X 

 

MiX + MaY = 

Solve, Mo~X + Yo~M = 

Yo~X (or YiX) 

 

In English, “Some Y is X,” so the 

original conclusion is invalid since it 

should have been particular affirmative 

not negative. 

 

(4) 
No M is X 

All Y is M 

 All Y is X 

 

MeX + YaM = 

Solve MeX + Ye~M = YeX 

 

In English, “No Y is X,” so the original 

conclusion is invalid, since it should 

have been universal negative not 

universal affirmative. 

 

(5) 
All mothers are females. 

All women are females. 

 All women are mothers. 

 

MaF + WaF = 

Solve, Fo~M+We~F = 

Wo~M (or WiM) 

 

In English, “Some women are mothers,” 

so the original conclusion is invalid, plus 

per step 4 above, there is no distribution, 

and hence we cannot even say validly 

that “Some women are mothers.”  That 

is to say, we can say it based on our 

general knowledge that some women are 

in fact mothers, but we cannot say it 

based on the syllogism above. 

 

(6) 
All salamanders are amphibians. 

No toads are salamanders. 

 No toads are amphibians. 

 

SaA + TeS = 

Se~A + TeS = 

 

No conclusion.  This is an argument 

already in the first figure, and the middle 

terms cannot be polarized without 

converting out of the first figure. 

 

(7) 
All men are animals. 

No horses are men. 

 No horses are animals. 

 

MaA + HeM = 

Solve, Me~A + HeM = 

 

The middles are unpolarized, so no valid 

conclusion is possible. 

 

 

7.  Checking Your Work 
 

In Appendix 1, I’ve constructed a 

version of what might be called a 

Gergonne or syllogistic table.  If you 

look at the table, you can see there are 19 

valid syllogisms while the rest are 

invalid.  The first column (going down) 

respresents the first premiss of the 

syllogism, and the top row (going 

across) represents the second premiss of 
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the syllogism. 

 

The proposition occupying the criss-

cross cell between the first and second 

premises is the conclusion.  An 

unoccupied cell represents lack of 

distribution, and hence no valid 

conclusion.  This table will come in 

handy if you want to check the results of 

your logical arithmetic calculations. 

 

 

8.  Transposed Syllogisms 
 

What happens when you run across a 

syllogism where the premises are upside 

down, or topsy turvy, so to speak?  This 

happens the syllogism is in “transposed” 

form.  How do you check to see if it’s 

valid? 

 

Let’s look at an example.  We will start 

with Barbara, and then transpose it, 

using S for subject, P for predicate, and 

M for middle term.  You can always find 

the subject term because it is the first 

term of the conclusion.  Once you’ve 

identified the subject term in the 

conclusion, you can then tell whether 

there’s been a transposition of the 

premises.  In a normal syllogism, the 

subject term of the conclusion will be in 

the 2
nd

 sentence of the syllogism.  In a 

transposed syllogism, however, the 

subject term of the conclusion will be in 

the 1
st
 premiss: 

 

Barbara Transposition 

(1) MaP (2) SaM 

(2) SaM (1) MaP 

SaP SaP 

 

Notice how the premises have been 

switched?  If you look carefully at the 

transposition above, it does resemble an 

argument in the fourth figure, namely 

Bramantip, but there is a subtle 

difference.  In Bramantip, the subject 

stays in the second premiss as follows: 

 

Bramantip 

1)  PaM 

2)  MaS 

SiP 

 

Very subtle, but it will help you to 

remember that if the subject is in the 

second premiss, it’s a normal form 

syllogism. 

 

Here is Barbara in normal form: 

  
(1) All the first spirits (M) were angels 

(P) 

(2) All the first rational creatures (S) 

were the first spirits (M) 

(3)  All the first rational creatures (S) 

were angels (P) 

 

Now, here’s the transposed version of 

Barbara: 

 
(1) All the first rational creatures (S) 

were the first spirits (M) 

(2) All the first spirits (M) were angels 

(P) 

(3)  All the first rational creatures (S) 

were angels (P) 

 

Notice how the transposed version of 

Barbara places the subject term of the 

conclusion (S) in the first sentence of the 

syllogism, whereas in Barbara itself, the 

subject term of the conclusion was in the 

second sentence of the syllogism.  As we 

said, this is the clue that the argument 

has been transposed.  An argument is 

only in normal form if the subject of the 

conclusion is in the second premiss.  If it 

doesn’t meet this test, the argument is in 

transposed form.  Now let’s take a look 
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at Bramantip and see how it differs from 

Barbara in transposed form: 

 

Bramantip 

 
(1) All angels (P) were the first spirits 

(M) 

(2) All the first spirits (M) were the 

first rational creatures (S) 

(3)  Some of the first rational 

creatures (S) were angels (P). 

 

See the difference?  In Bramantip, the 

subject of the conclusion is in the second 

sentence, showing that it is in normal 

form.  We could only reduce Bramantip 

to the first figure by means of conversion 

by limitation, so the conclusion will be 

in particular form: SiP, “Some of the 

first rational creatures were angels.”  

While the distribution is universal, the 

conclusion is a converted form of a 

universal distribution. 

 

Let’s look at an example from Carroll: 

 
(1)  No son of mine is dishonest; 

(2)  People always treat an honest man with 

respect. 

 

Carroll construction a “Dictionary” and 

provides the following symbols:  m = 

honest; x = sons of mine; and y = treated 

with respect.  Then he provides the 

following equation: xm´0 † m1y´0 ¶ xy´0 

 

For those of you who don’t understand 

Carroll’s symbolism, it means: 

 
(1)  No x are ~m 

(2)  All m are y. 

(3)  No x is ~y 

 

Since the middle terms are already 

polarized, proposition (1) is actually a 

secondary form.  If we translate it back 

to its original form, we have XaM.  

Obviously, Carroll wants X to be the 

subject term of the conclusion, so we 

will use S as a substitute for X, and P as 

a substitute for Y.  Using syllogistic 

notation we have: 

 

(1)  SaM 

(2)  MaP 

 

We know that this is a transposed form 

because the subject term is in the first 

premiss rather than in the second.  In 

order to solve a transposed argument, we 

use the same four step decision 

procedure that we use in solving 

syllogisms in normal form, but this time, 

we reverse our equation.  To solve a 

transposed syllogism, the middle terms 

should be adjacent to the plus sign, and 

we go from left to right to get our 

conclusion. 

 

Solving, we have: 

 

   Se~M + Me~P = Se~P (SaP) 

 

Notice how the boxed M’s are next to 

the plus sign rather than away from it.  If 

S = sons of mine, and P = treated with 

respect, then our conclusion according to 

Carroll is: 

 
“No son of mine ever fails to be treated with 

respect.”  (Carroll) 

 

This is symbolized as either Se~P or 

SaP, and SaP means “All sons of mine 

are treated with respect.”  This 

conclusion is consistent with both 

Barbara and the transposed form of 

Barbara. 

 

In Appendix 2, I’ve provided all the 19 

valid syllogisms, starting with the 
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normal form in column A, the 

transposed form in column B, then the 

solution of column B by logical 

arithmetic in column C. 
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Appendix 1: Syllogistic Table: 

 
 

 yam may miy yim yom moy yem mey 

xam  yix   yox  yex yex 

max yax yix yix yix     

mix  yix       

xim  yix       

xom         

mox  yox       

xem yex yox yox yox     

mex yex yox yox yox     
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The first column (going down) 

respresents the first premiss of the 

syllogism, and the top row (going 

across) represents the second 

premiss of the syllogism.  For 

transposed syllogisms, it would be 

the reverse. 
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Appendix 2, Transposed Syllogisms: 
 

 

 A B C 

 Normal Transposed Solution 

 MaP SaM Se~M+Me~P = 

1.  Barbara SaM MaP  

 SaP SaP Se~P (SaP) 

 MeP SaM Se~M+MeP = 

2.  Celarent SaM MeP  

 SeP SeP SeP 

 MaP SiM So~M+Me~P = 

3.  Darii SiM MaP  

 SiP SiP So~P (SiP) 

 MeP SiM So~M+MeP = 

4.  Ferio SiM MeP  

 SoP SoP SoP 

 PeM SaM Se~M+MeP = 

5.  Cesare SaM PeM  

 SeP SeP SeP 

 PaM SeM SeM+~MeP = 

6.  Camestres SeM PaM  

 SeP SeP SeP 

 PeM SiM So~M+MeP = 

7.  Festino SiM PeM  

 SoP SoP SoP 

 PaM SoM SoM+~MeP = 

8.  Baroko SoM PaM  

 SoP SoP SoP 

 MaP MaS So~M+Me~P = 

9.  Darapti MaS MaP  

 SiP SiP So~P (SiP) 

 MiP MaS So~M+Mo~P = 

10.  Disamis MaS MiP  

 SiP SiP So~P (SiP) 

 MaP MiS So~M+Me~P = 

11.  Datisi MiS MaP  

 SiP SiP So~P (SiP) 

 MeP MaS So~M+MeP = 

12.  Felapton MaS MeP  

 SoP SoP SoP 

 MoP MaS So~M+MoP = 
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13.  Bokardo MaS MoP  

 SoP SoP SoP 

 MeP MiS So~M+MeP = 

14.  Ferison MiS MeP  

 SoP SoP SoP 

 PaM MaS So~M+Mo~P = 

15.  Bramantip MaS PaM  

 SiP SiP So~P (SiP) 

 PaM MeS SeM+~MeP = 

16.  Camenes MeS PaM  

 SeP SeP SeP 

 PiM MaS So~M+Mo~P = 

17.  Dimaris MaS PiM  

 SiP SiP So~P (SiP) 

 PeM MaS So~M+MeP = 

18.  Fesapo MaS PeM  

 SoP SoP SoP 

 PeM MiS So~M+MeP = 

19.  Fresison MiS PeM  

 SoP SoP SoP 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


